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①H④ MATR
Defy A matrix is a rectangular

array of
numbers .

If M is a

matrix
and it

has m rows

and n
columns

then we
say

that M is an
mxn

matrix .

tread ''m by n
"

Abstractly we can
write an mxn

matrix
like this :

A
, ,
9,2

• • ◦ Ain

[ 2 ' a"
° ° °
""

M= • :

: :

am ,

am ,
.
. .

g.mn )
where ai ;

is the entry
in

the i - th row and j - th column .



②
EI

m=( i -31=1 :: ::|

a
, ,

=L

9,2=5
Az ,
=3

Azz =
-2

M is a
2×2 matrix .



③E

M=( 5 0 10 7)

( 911 912 913 914 )

M is a 1×4 matrix .

N You can

all = 5
use

commas
if You

want to
make it912=0

clearer .

Like this :

a ,= , , µ=,z,914=7



Note:Sometimes we wantto ④

think of a vector as a matrix.

Suppose we
have I =Jayan, ..., and

in RP

We can
think of
I as an

nximatrix (a
can
think of I

as a

or we

Ca, as...
an)

In matrix

i?"? (iix
or (1st).Matrix



D: LetA and B be ⑤

man matrices.

[They have the
same size.]

Let an az... in

A =(ai". reI
and

B =(rbieI
① We define AtB

tobe
the

matrix:
following man

antbr Aiztbiz...
Gintbin

Azztbez...
Gant ban

Azitbai ·
A +B

= I : · I
Amitbom,

Amztbaz: Amnt kin



② We define A-B tobe the 8

following man
matrix:

ass" ...nAzi
A +B - S : · · I

Amikom, Ambazam
kin

③ If is in R, the scalar

product
2A is defined tobe

the man
matrix:

&Gin Ca12 ...
Lain

&G22 ...
Aan

-A = I " · : I" 2Amz: 2Amn



=

X ⑦

S ii) +()
=(iii)
-
- 2x2 =(2)2 x 2

asize
-

=(i)-() =(s)
=(?)

-

4X1 4X1

-
same size

this sum

+( undefined
the

since

3 x2 matrices
don'thave

the same
size.



:

=(ii)



Bf: LetAbe an mxr ⑨

matrix and B be an rxn

matrix. We define the out

ofAand B, denoted by AB,

as the man
matrixC

whose entry at
row is
and

column;
is defined tobe

the dotproduct

ofthe
inth row

ofA and

the i-th
column

ofB.

=A B
C - -
- rxn

*



X: CalculateAB, ifpossible, ⑩

where
12 I and B = (

12-1 I
A = (-1 0 --

2x 2

fre
AB will be

2x3

Crow of AleSniffs column 20+
ms!

(121(0) (12).(i) (12) fo

AB =I I(103(0) (-101(3) (101)

Crow 2 ofAl.
Crowd of Ale Crow 2 ofAl

Column (of B) (column 20f B)
(columns of B)



⑪

(1)(1) +(2)(0) (1)(2) +(2)(1) (11)- 1) +(2)(0)

- (11+(olo) (-1112 +Colsil I(-11)- 11 +(01(0)

I= (i =

.
n
AB



:Using the same matrices (
can we calculate

BA?

BA Since 3F2, BA

is not defined.

also
see this if

you

You can

tried tomultiply
them.

BA =(0:')(-! I

S
(row) of

B).(column) ofAl

(1 2 -(- i) ne

- I Iare
You can'tdo

this dotproduct

since the sizes aren'tthe same.



#

:Let ⑮

A =(i) and B =(01 - 3).

CalculateAB
if possible.

ww

x
answer is

3x3
Crow 1 of Al.

Crow) ofAl.
crow) of Al

↳

Column 3 of B

Column (of B) Column 2 of BC

(i)(- 3)
(i)(0) (1) (1)

Crow 2
of Al

Crow 2 of
Al.

AB Crow 2 of Al (column 2ofB)
(column 3 of BI

(column) of B I
(2) (1) 's?

- I
(- 1) 307

( - 1(1)

IA Yum? (ulumn3rfB)
1 of
B7

(-1)(3)

- 3

=18I



=Let ⑭

A =(2) and B =(01 - 3)

as before.
Can we

calculateBA?

BA =-x-3).)- I

1x 3 /
3x1

S -- (i)
1x I column)BAS(ofA

=(01).(-))
=(u)(1) +(1)(2)

+(3))- 1))

-
(5) ix-



⑮

*

te:

In the previous examples

when A = (?) and B =(01 -3)

we saw
thatABFBA

*

is-for matrices



⑯

Hef: LetA be an man
matrix.

of A, denoted
These

by AT, is
defined tobe

that
nxm

matrix
the

results from interchanging
the

rows ofcolumns
ofA.

the inth
column of
At

Thatis,

is the
i-th row

ofA.

Similarly,
the i-th

row
ofAt

[ --th column
of A.

is the s

peoplewriteAt

instead of AT



: Let ⑰

A =(sI 3x4

S
A=(20 :8) xx3

is

have turned
You could also the

the columns
of A into

getthe
ofAT and you'd

rows same answel



EX: ⑱

A =(r S 3x3

7
-2

-
AT-(*) 3 x 3



&f: the man zero matrix ⑲
-

is the man matrixwhere

every entry
is zero.

We denote
itby Oman or

justby 0 if we
don'twant

tomention
the size.

-

EX:
-

O2x2
=18 S 0x

=(8)
0 0 0

0
0

0 0 0Osx38 O 0S
0 O

I



2x
Le +A =(-2)

⑳

Then,

A +0sx
=() +18.8 I

I=( =A

Similarly,

0 +A =A
3x2



⑪

kef: The nxnatity

matrix, denoted by In

for justIwhen we don'twant

toor need tosay
the size],

is the non
matrixwith

1's

along
the main diagonal

and

o's everywhere
else.



: ⑫

I,
=(1)

Iz = Li S
10

o
- IIs I ·.i S0

⑧
100

S 108 SIy
=

0
o o

o l

and so on



#

: Le+A =(34)+
Consider

I =In=(ii)
We have

that

A I
=( 3Y K ↓Y I
-2 x2
2x2
-
equalW

answer is 2x2

(12)(d) St 2). (i)

S I=

(3410(0) (34).(i)



(1) (11 + (2)(0) (1) C0) +(215) (
-> I S(311 +(4)(0) (31(0) +(Y)(1)

=(34) =A

So, AIc
=A.

You can
also calculate

A
which

is defined

2x2
2 x 2

-
~

will getIcA
=A.

and you



#: ⑬

LetA
= (iiz)-

Note that

*A =ii)(i)I
2 x 2

2x3
I
vW

answer=2x3

101(!) (101(2)
<101. (E)

I I=

10 13.(1)
(01).(2) c013. (-2)

3

=(_i2 ) =A



Note thatE is not ⑳
defined.

2x3 2x2
-
I

Butif you
calculate

#E
= C2-t)(i)

2x33x3
W
= =(-i22)

=A

A

↳
So, AIs

=A.



Theurem ⑰

#A,B,C be matrices
bers,

num

and let d, B
be real

L =alpha

the following
are

B=
beta

Then will
L

where we
thetrue- of

thatthenatthe
-tons

are

① A + B
=B+A

② A +(B +c)
=(A +B) +c

③ A(BC)
=(AB)C

④ A(B
+c)

=AB +AC

⑤ (B +c) A
=BA +cA

⑥ A(B-c) =AB- AC



⑦(B - c) A =BA-CA ⑱

⑧((B +c)
=aB +xC

⑨ ((B - c)
=xB - xC

⑩(a +B)A
=
aA +BA

⑪(C - B)A
=dA - BA

⑫ a(BA)
=(cp)A

⑮ a(AB) =(aA)B
=
A(2B)

⑭ (ATT=A
⑮(A +B)

T

=A
+B

⑩(A - B)
T
=A

+

- BT

⑰(aA)T =cA note theW⑩ (ABIBAT
Ireverieof

order



⑲ IfA is man, then
A In

=A.

⑳ IfAis
man,

then

TA
=A

-

m

④IfA
is man,

then

A - A
=0mxn

⑫ IfA
is man,

then

A +Oman
=0 +A =A

mxn



Lets prove part ofthe previous ⑳
theorem for 2x2 matrices.

[this is HW2-Part 2 #ICal]

Suppose thatA, B,
C I Given

one 2x2
matrices.

Prove that

(B+c)A
=
BA +cA]

declarerof: 2x2 I what
LetA, B,

C be Itis
matrices.

Then,

A
=(2a).B =().c

=(i)

where arb, c, d,e,f, gc
hinsist,

are real
numbers.



Then,

(B +c) A = [ (4) +(2)](8
-
do firstbecause

of parentheses b

e +i f
+j cal I

=
+mn +

e)(
a

S I en
-

2x2 /
2x2

em
is 2x2

answer

I(e +i ++5).(2)
(ex:++
j).(a) I

=

(g +bh
+e)o(2)(g+kn +e)-(d)

(etila+ (f+j)<
(eti)b+(f+j)d

- (g+k)b +(h
+e)dligth)a+ (htelc S



⑫
eatia +fc +jc ebtib+fdtjd)= (gatkathc+R g b

+kb +hd+ld (A)

We also
have that

C :)(e) + (i)()BA+CA
= -xz
-x 2x2

-
2x2 V -
-- answer is 2x2

answer is 2x2

-lin"inaI
(j)(2)(ii). (a)

+(weis (mercal)-



⑬

ib +jd
ea +fc

kb+ld
= Catha in) + (nn I

eb +fd +ib
+jd(**)

I
eatfctia +jc

- gathothatt
gbthdtkb+ldI

We can see that (*)
equals

(**).

Thus,

(B+C) A
=BA+ CA.

#

-other ways(end ofPort symbol)
QED-



⑭
Let's prove part 5for 3x2 matrices.

[This is HW2-Part
2 #1Cfl]

LetA and B I Given
be 3x2

matrices.

Prove that

(A+BIT=
AT+BT] Ye

roof:
LetA

and Bbe I des
3x2

matrices.

Then,

A =() and B =(i)
where a, b,

c, d, e, t, sch,
sick,

bers.
are
real num



We have that
⑮

(A+BIT = (2) + (=))
-

becht,etofparenthese
a +gcsee I

-(i)=/b
=(i) +(ii)
=(: +(2)I
=A

+BT



⑰Part2 ⑯

② (a) Suppose that
A, B, C, D

are non
matrices.

Use the

properties
from class to

show
that

(A+B)(c+D)
=Ac+AD

+Bc +BD

of: Let
A, B, C,

D

ok

be nxn
matrices.

Then,
-

ok
- nx
nxn nx

nxn --

**B)(P) (A+B)C+(A+ BK

ok

nx

x
+xD

propertya
prop. I

use

L
- AC +BC

+AD+BD x+y
=4 +X

- -
↑ - AC + AD

+BC +BD

&
- -

(M +N)X
=Mx +NX

⑤ #property from class


